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From a Heat to a Resource Engine

In contrast to current approaches focused on scenarios
with 1 set of constrained free operations (inspired by the ac-
cess to a single heat bath), we propose to investigate the per-
formance of resource engines [1], which generalise the concept
of heat engines by replacing the access to 2 heat baths with
2 arbitrary constraints on state transformations.

There are 2 agents (A, B), each of which is restricted to
performing quantum operations from the subset (FA, FB) of
free operations and preparing a subset (FA, FB) of free states.

By fusing 2 resource theories described by (FA,FA) and
(FB,FB), one can obtain a new one with free operations
FAB ⊇ FA ∪ FB and free states FAB ⊇ FA ∪ FB.

Questions

Can a resource engine de�ned by 2 constraints generate
a full set of quantum operations?

Can we achieve all possible �nal states starting from free
states?

Resource engine

FA
FB

FA ∪ FB

Can we bound the number of strokes needed to obtain the
above, and thus study the equivalents of engine's power and
e�ciency?

What is achievable with just 3 strokes?

COHERENCE ENGINE

A two-stroke engine fueled by the resource of quantum
coherence.

Free states � states diagonal in the distinguished bases
(the theory is here restricted to pure state). As the set of
operations we choose unitary transformations, and so the set
of free operations is given by unitaries diagonal in the distin-
guished bases. More formally,

FA = {|i⟩}di=1, FB = {U †|i⟩}di=1,

where U ∈ Ud(C) is describing the relative orientation of the
2 bases, and

FA = DUd(C) =

{
d∑

i=1

uii|i⟩⟨i| : |uii| = 1

}
,

FB = {U †DU : D ∈ DUd(C)}.

Elementary qubit example

FA and FB can be seen as the σz and the cos(α)σz +
sin(α)σx eigenbases, while FA and FB � as rotations about
real three-dimensional unit vectors ẑ and v̂, respectively.

If v̂ = ẑ⊥ (α = π/2), then, by the Euler angles decom-
position, only 3 strokes are needed to generate an arbitrary
unitary transformation. Whenever v̂ ̸= ẑ⊥ (α < π/2), the
number of strokes increases to ⌈π/α⌉ + 1 (cf., e.g., [2]).

(a)

(b)

Proposition 1.A and B can, by means of a resource engine,
generate any unitary matrix of order 2, with the minimal num-
ber of strokes equal to ⌈π/α⌉ + 1.

When an optimal state is achievable with just 3 strokes?

By optimal we mean a state that is maximally resourceful
for both parties, here a mutually coherent state [3], that is

1√
2

(
eiα0|0⟩ + eiα1 |1⟩

)
=

1√
2

(
eiβ0U †|0⟩ + eiβ1U † |1⟩

)
.

Proposition 2. If U in the de�nition of FB is s.t.

U = eiϕ
[
eiφ0 cos(φ) −e−iφ1 sin(φ)
eiφ1 sin(φ) e−iφ0 cos(φ)

]
, φ ∈

[
π

8
,
3π

8

]
,

then A and B can generate a mutually coherent state with only
3 strokes of their resource engine.

Condition on getting all operations

(H1)There exist N ∈ N and D1, . . . , D2N ∈ DUd(C)
s.t. D1(U

†D2U)D3(U
†D4U) . . . D2N−1(U

†D2NU) is a ma-
trix with all non-zero entries.

(H2)There exists N ∈ N s.t. (P T
UPU)

N , with pij = 0 for
uij = 0 and pij = 1 otherwise, has all non-zero entries.

Theorem 1. If U in the de�nition of FB satis�es either (H1)
or (H2), then any unitary matrix can be written as a product
comprised of N matrices from FA and N from FB.

Proof. In the proof we use the fact that any subgroup V in
Ud(C) containing DUd(C) and a matrix (wij)

d
i,j=1 such that

wij ̸= 0 for any 1 ≤ i, j ≤ d is a full unitary group [4].

Bounds on the number of strokes to get all operations

Theorem 2 (LOWER BOUND).The number of resource en-
gine's strokes needed to generate any unitary matrix of order
d is lower bounded by

2 log (d− 1)

log ((d− 2)cU + 1)
for d ∈ N\{1, 2} and

2

cU
for d = 2,

where cU := maxa ̸=b
∑d

j=1 |ūj,a||uj,b| = maxa̸=b⟨a|(XT
UXU)|b⟩

with xi,j = |ui,j|.
Theorem 3 (UPPER BOUND).Let M denote the number of
resource engine's strokes needed to generate the Fourier matrix
of order d. Then the upper bound on the number of strokes
needed to generate any unitary operation is equal to 2M(d−
1) + 2(d− 1) + 1.

Proof.We utilize the following 2 facts: (1) any generic matrix
can be written as a product of circulant and diagonal matrices
with the number of factors being 2d−1 at most, (2) any circu-
lant matrix can be written as a product of a Fourier transform,
a diagonal matrix and an inverse Fourier transform [5].

Condition on getting the optimal state

Theorem 4. Let U = (ui,j)
d
i,j=1 de�ne the set FB. The nec-

essary conditions for A and B to produce a mutually coherent
state with just two resource engine's strokes are:

∃1≤l≤d ∀1≤m≤d max
1≤i≤d

|um,iūl,i| ≤
1

2

 d∑
j=1

|um,jūl,j| +
1√
d

 .

ATHERMALITY ENGINE

A two-stroke heat engine, but with agents not allowed to
use any ancillary systems.

Interconversion problem: which �nal states are achievable
from a given initial state via thermal operations? We consider
the quasi-classical version of the problem with initial and �nal
states of the system commuting with the system's thermal
Gibbs state γ [the existence of a thermal operation mapping
p to q is then fully characterized by a thermomajorization
condition p ≻γ q [6]].

FA (FB) � thermal operations with inverse temperature
α (β, β < α) and the corresponding free state γ (Γ) s.t.

γk =
e−αEk∑d
i=1 e

−αEi

,

(
Γk =

e−βEk∑d
i=1 e

−βEi

)
,

where {Ei} denotes the energy levels of the system.

p(N−1) that can be obtained via a sequence of thermoma-
jorisations either from γ or Γ, i.e.

p(0) = γ ≻Γ p(1) ≻γ p(2) ≻Γ p(3) ≻γ . . . p(N−1),

p(0) = Γ ≻γ p(1) ≻Γ p(2) ≻γ p(3) ≻Γ . . . p(N−1).

Elementary qubit example

(1, 0)

(0, 1)

γ̃

Γ̃

γ

Γ

ΠγΠΓ

ΠΓΠγ

ΠγΠΓ

ΠΓΠγ

Bounding the set of achievable qudit states

Theorem 5.The set FAB of free states arising from fusing 2
resource theories of thermodynamics with 2 di�erent temper-
atures is bounded as follows: ∀p ∈ FAB pd ≤ Γd

Γd−1
, where Γ

denotes the thermal state corresponding to higher temperature.
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Full set of achievable states for β = 0

Theorem 6.The set FAB of free states arising from fusing two
resource theories of thermodynamics, one with �nite and the
other with in�nite temperature, is given by the full probability
simplex. Moreover, the convergence to the full simplex with
the number of strokes N is exponential.
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